In this work, we consider certain class of bi-univalent functions related with shell-like curves related to κ−Fibonacci numbers. Further, we obtain the estimates of initial Taylor-Maclaurin coefficients (second and third coefficients) and Fekete -Szegö inequalities. Also we discuss the special cases of the obtained results.
Introduction and definitions
Here p is called as Caratheodory functions [11] . It is well known that the following correspondence between the class P and the class of Schwarz functions w exists: p ∈ P if and only if p(z) = 1 + w(z) / 1 − w(z). Let P(β), 0 ≤ β < 1, denote the class of analytic functions p in D with p(0) = 1 and ℜ {p(z)} > β.
For analytic functions f and g in D, f is said to be subordinate to g if there exists an analytic function w such that w(0) = 0, |w(z)| < 1 and f (z) = g(w(z)), z ∈ D, denoted by f ≺ g, z ∈ D or, conventionally, by f (z) ≺ g(z), z ∈ D. In particular, when g is univalent in D,
.
Some of the important and well-investigated subclasses of S include (for example) the class S * (α) of starlike functions of order α (0 ≦ α < 1) in D and the class K(α) of convex functions of order α (0 ≦ α < 1) in D, the class S * (ϕ) of Ma-Minda starlike functions and the class K(ϕ) of Ma-Minda convex functions, where ϕ is an analytic function with positive real part in D, ϕ(0) = 1, ϕ ′ (0) > 0 and ϕ maps D onto a region starlike with respect to 1 and symmetric with respect to the real axis) (see [11] . The inverse functions of the functions in the class S may not be defined on the entire unit disc D although the functions in the class S are invertible. However using Koebe one quarter theorem [11] it is obvious that the image of D under every function f ∈ S contains a disc of radius 1/4. Hence every function f ∈ S has an inverse f −1 , defined by f −1 (f (z)) = z, z ∈ D and f (f −1 (w)) = w, |w| < r 0 (f ); r 0 (f ) ≧ 1 4 ,
where f −1 (w) = w − a 2 w 2 + (2a 2 2 − a 3 )w 3 − (5a 3 2 − 5a 2 a 3 + a 4 )w 4 + . . . . A function f ∈ A is said to be bi-univalent in D if both f and f −1 are univalent in D. Let Σ denote the class of bi-univalent functions in D given by (1.1) . Various subclasses of Σ were introduced and non-sharp estimates on the first two coefficients |a 2 | and |a 3 | in the Taylor-Maclaurin series expansion (1.1) were found in several recent investigations (see, for example, [1, 2, 3, 6, 7, 8, 13, 21, 22, 23, 24, 30, 31, 32, 33, 34, 35, 36, 37, 38] and references therein). However, the problem is to find the coefficient bounds on |a n | (n = 3, 4, . . . ) for functions f ∈ Σ is still an open problem.
Falcon and Plaza [12] have introduced the Fibonacci κ− numbers as below. The recurrence relation for the κ−Fibonacci sequence {F κ, n } ∞ n=0 , where κ ∈ R as defined as F κ, n+1 = κF κ, n + F κ, n−1 for n ≥ 1 with the initial conditions F κ, 0 = 0, F κ, 1 = 1 and F κ, n = (κ − τ κ ) n − τ n κ √ κ 2 + 4 with
where F κ, n represents the n th element of the κ−Fibonacci sequence.
Let {u n } be the sequence of Fibonacci numbers. The recurrence relation for Fibonacci sequence is given by u n+2 = u n+1 + u n , n = 0, 1, 2, · · · with the initial conditions u 0 = 0 and u 1 = 1.
Sokol et al. [29] proved that ifp κ (z)
κ, n z n , then we havep κ, n = (F κ, n−1 + F κ, n+1 )τ n κ , n ≥ 1. This shows the relevant connection between the Fibonacci κ−numbers and the coefficients ofp κ (z). That is, [25] ).
The classes SL(p) and KSL(p) of shell-like functions and convex shell-like functions are respectively, characterized by
The classes SL(p) and KSL(p) were introduced and studied by Sokó l [28] and Dziok et al. [9] respectively (see also [10, 27] ).
Recently Raina and Sokó l [27] , taking τ z = t, showed that
This shows that the relevant connection ofp with the sequence of Fibonacci numbers u n , such that u 0 = 0, u 1 = 1, u n+2 = u n + u n+1 for n = 0, 1, 2, 3, . . . . Hencẽ
We note that the functionp belongs to the class P (β) with β = √ 5 10 ≈ 0.2236 (see [27] ).
The classes SL κ (p κ ) and KSL κ (p κ ) characterized by
The classes SL κ (p κ ) and KSL κ (p κ ) were introduced and studied by YilmazÖzgür and Sokó l [25] and Güney et al. [20] respectively (see also [29] ). It was proved in [25] that functions in the class SL κ (p κ ) are univalent in D. Moreover, the class SL κ (p κ ) is a subclass of the class of starlike functions S * even more, starlike of order (κ(κ 2 + 4) −1/2 ) / 2.
For κ = 1, the classes SL(p) and KSL(p) were introduced and studied by Sokó l [28] and Dziok et al. [9] respectively (see also [10, 19, 27] ) and the references therein. Also, one can refer [4, 5, 14, 18] and references therein for other subclasses of bi-univalent functions which are related with shell-like curves connected with Fibonacci numbers.
Recently, in literature, the initial coefficient estimates are found for functions in the class of bi-univalent functions associated with certain polynomials like the Faber polynomial, the Lucas polynomial, the Chebyshev polynomial and the Gegenbauer polynomial. Motivated in this line, inspired by the works of Ali et al. [2] , Güney [14] , Güney et al. [16] and Magesh et al. [18] , we introduce the following new subclasses of bi-univalent functions, as follows:
belongs to the class WSL κ Σ (γ, λ, α,p κ ), γ ∈ C\{0}, α ≥ 0 and λ ≥ 0, if the following conditions are satisfied:
It is interesting to note that the special values of α, γ and λ lead the class WSL κ Σ (γ, λ, α,p κ ) to various subclasses, as following illustrations:
(1) For α = 1 + 2λ, we get the class WSL κ
(2) For λ = 0, we obtain the class WSL κ
(3) For λ = 0 and α = 1, we have the class WSL κ
Definition 1.2. A function f ∈ Σ of the form (1.1) belongs to the class RSL κ Σ (γ, λ,p κ ), γ ∈ C\{0} and λ ≥ 0, if the following conditions are satisfied:
and for g(w) = f −1 (w)
(1) For λ = 0, we let the class RSL κ Σ (γ, 0,p κ ) ≡ SL κ Σ (γ,p κ ). A function f ∈ Σ of the form (1.1) is said to be in SL κ Σ (γ,p κ ), if the following conditions
was introduced and studied Güney et al. [16] and for κ = 1 the class was studied by Güney et al. [15] .
(1) For λ = 1, we have the class SLB κ
belongs to the class PSL κ Σ (λ;p κ ), 0 ≤ λ ≤ 1, if the following conditions are satisfied:
(1) For λ = 0, we have the class PSL κ
the classes were introduced and studied Güney et al. [16] and for κ = 1 the class was studied by Güney et al. [15] .
In order to prove our results for the function in the classes WSL κ Σ (γ, λ, α,p κ ), SLB κ Σ (λ;p κ ) and PSL κ Σ (λ;p κ ), we need the following lemma.
In this investigation, we find the estimates for the coefficients |a 2 | and |a 3 | for functions in the subclasses WSL κ
. Further, Fekete-Szegö problems of the aforementioned classes.
Initial Coefficient Estimates and Fekete-Szegö Inequalities
In the following theorem, we obtain coefficient estimates for functions in the class f ∈ WSL κ Σ (γ, λ, α,p κ ).
a n z n be in the class WSL κ Σ (γ, λ, α,p κ ). Then
Proof. Since f ∈ WSL κ Σ (γ, λ, α,p κ ), from the Definition 1.1 we have
where z, w ∈ D and g = f −1 . Using the fact the function p(z) of the form
and p ≺p κ . Then there exists an analytic function u such that |u(z)| < 1 in D and p(z) =p κ (u(z)). Therefore, define the function
is in the class P. It follows that
Similarly, there exists an analytic function v such that |v(w)| < 1 in D and p(w) =p(v(w)). Therefore, the function 
and 
Then in view of (2.12), we obtain
From (2.13), we have
By substituting (2.11) in (2.15), we have
Thus by taking modulus of (2.16), we conclude that
In the following theorem, we obtain coefficient estimates for functions in the class f ∈ RSL κ Σ (γ, λ,p κ ).
a n z n be in the class RSL Σ κ(γ, λ,p κ ). Then
and
Proof. Since f ∈ RSL κ Σ (γ, λ,p κ ), from the Definition 1.2 we have 
Hence by Lemma 1.1, we have
Then in view of (2.26), we obtain
From (2.27), we have
By substituting (2.25) in (2.29), we have
Thus by taking modulus of (2.30), we conclude that
This gives desired inequality.
a n z n be in the class SLB κ Σ (λ;p κ ). Then
Proof. Since f ∈ SLB κ Σ (λ;p κ ), from the Definition 1. 
(2.39) Now, applying Lemma 1.1, we obtain
(2.40)
By subtracting (2.36) from (2.34), we obtain
Then in view of (2.40), we obtain
From (2.41), we have
(2.43)
By substituting (2.39) in (2.43), we have
Thus by taking modulus of (2.44), we conclude that
a n z n be in the class PSL κ Σ (λ;p κ ). Then
Proof. Since f ∈ PSL κ Σ (λ;p κ ), from the Definition 1.4 we have 
Then in view of (2.54), we obtain
From (2.55), we have
(2.56)
By substituting (2.53) in (2.56), we have
Thus by taking modulus of (2.57), we conclude that
This gives desired inequality. a n z n be in the class F SL κ Σ (γ, λ,p κ ). Then
Corollaries and Consequences
a n z n be in the class BSL κ Σ (γ, α,p κ ). Then
and ; |µ − 1| ≥ 3γκ 2 τ κ + 4(κ − (κ 2 + 2)τ κ ) 3 |γ| κ 2 |τ κ | . ; |µ − 1| ≥ γκ 2 τ κ + (κ − (κ 2 + 2)τ κ ) 2 |γ| κ 2 |τ κ | .
Corollary 3.5.
[16] Let f (z) = z + ∞ n=2 a n z n be in the class SL κ Σ (p κ ). Then
Corollary 3.6.
[16] Let f (z) = z + ∞ n=2 a n z n be in the class KSL κ Σ (p κ ). Then ; |µ − 1| ≥ 2κ − (κ 2 + 4)τ κ 3κ 2 |τ κ | .
Remark 3.1. Results discussed in Corollaries 3.5 and 3.6 are coincide with bounds obtained in [16] . Also, For κ = 1, all the results obtained are coincides with results obtained in [18] .
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